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Abstract 
We study the impurity effects on bound states in a vortex core of a topological s-wave superconductor (SC). A previous study has 
revealed numerically that the impurity effects in a vortex in the topological s-wave SC are not so simple as those in a chiral p-wave 
SC; The impurity scattering rates depend on the Rashba spin orbit and Zeeman coupling as well as the type of vortex. We 
analytically solve the Andreev equation and derive the scattering rates in order to understand effects of those two coupling strengths 
and the type of vortex. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Topological superconductors (TSCs) have attracted much attention in fundamental and applicational aspects: the 
realizability of the zero energy states called Majorana bound states in condensed matter systems and topological 
quantum computation (TQC) with low decoherence [1, 2, 3, 4]. An implementation of TQC requires an adiabatic 
dynamics of Majorana bound states. However, it remains unsettled how randomness such as impurities affects the 
adiabaticity or level spacing of bound states [5]. To address this issue, we consider the topological phase of the two-
dimensional electron gas with Rashba spin orbit coupling (SOC), Zeeman coupling and proximity induced s-wave 
superconductivity [6], which we call topological s-wave SC in this paper.  
This topological phase belongs to “class D” (the Bogoliubov-de Gennes (BdG) class with broken time-reversal 
symmetry) [7, 8]. The TSC in class D has two inequivalent single vortices; one type of vortex is not transformed into the 
other by any symmetry operations. In a chiral p-wave SC, which is an example of SCs in class D, the type of vortex is 
characterized by the relative sign of the vorticity and chirality. When their signs are same (opposite), we call it “parallel 
(anti-parallel) vortex”. An earlier study with quasiclassical theory found that impurity effects on bound states of chiral 
p-wave SC are in contrast between these inequivalent vortices; The parallel vortex is sensitive to impurities while the 
anti-parallel vortex is robust [9].  
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Recently [10], we have numerically investigated the impurity effects on bound states in a vortex core of the 
topological s-wave SC in an improved version of Kopnin-Kravtsov scheme (iKK scheme) [11, 12] and found 
differences between the two inequivalent vortices, which is characterized by the signs of the vorticity and the Zeeman 
coupling; the sign of Zeeman coupling corresponds to that of the chirality of the chiral p-wave SC. We have also found 
that the energy dependence of impurity scattering rates crucially depends on the strength of Rashba SOC or Zeeman 
coupling as well as the type of vortex; Even for the case of anti-parallel vortex, the scattering rates are finite owing to 
this parameter dependence. Our aim is to understand the roles of the type of vortex and the additional parameters in the 
scattering rates in the vortex core: particularly the role in the anti-parallel vortex, which is not necessarily robust against 
impurities. We analytically investigate the BdG equation within Andreev approximation [13] for the low energy states 
and derive the scattering rates. We focus two limiting cases: large level spacing within self-consistent Born 
approximation (SCBA) and small level spacing within non-SCBA (nSCBA).  
2. Andreev equation 
In this section, we prepare the solution to the Andreev equation for a topological s-wave SC with single vortex 
written as 
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where Δ p =αkFΔ Vz2 +α 2kF2  and kF and φkF are the magnitude and the direction of the Fermi momentum and α, Vz and 
Δ are the strength of the Rashba SOC, Zeeman coupling and s-wave superconductivity. σx,y,z are 2 by 2 Pauli matrices. 
We refer the Hamiltonian to Ref. 6. This Andreev equation (Eq. (1)) is obtained as follows: (a) We start with the BdG 
equation for the uniform system in the basis 

uk =
t
uk↑,uk↓,vk↑,vk↓( )  and take the unitary transformation to the basis ubk  
that diagonalize the Hamiltonian in the normal state. (b) In this band basis ubk , we expand the equation around the Fermi 
momentum kF and introduce the inhomogeneity. The wave function can be described as 

ubkF = e
ik⋅r u bkF , where 

u bkF  is 
slowly varying in real space. (c) Among four components in 

u bkF , two of them labeled as “+” for band index, do not 
have the Fermi surface in the topological phase and thus we neglect their contribution. The resultant Andreev equation 
is for the other two components labeled as “−”. 
We consider the single vortex and set as Δ = Δ(r)eiκθ , where κ (= ±1) denotes the vorticity. We introduce 2D polar 
coordinates (r, θ) with the basis (er, eθ) = R(θ) (ex, ey). R(θ) denotes the rotation around z axis by the angle θ. Δ(r) 
approaches Δ0 in the limit of r→∞. For a given Fermi momentum kF =kF(cosφkF ex + sinφkF ey), we consider the frame 
(s, b) with the basis (es, eb) = R(φkF) (ex, ey). The s axis is parallel to kF and the b axis is perpendicular to kF, where b is 
impact parameter and related to angular momentum: l = kF b. In this frame, Eq. (1) has a solution with E = 0 and 
(b/r) σx= 0. The wave function is given by 
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⎡⎣ ⎤⎦ ,  ψ s,b( ) ≡
1
vF
d ′s Δ p ′s ′r0
s∫ .   (2) 
The energy spectrum with small b can be obtained by first order perturbation for (b/r) σx as 
E b( ) ≡ E =
ds Δ p κb r( )exp −2ψ s,b( )⎡⎣ ⎤⎦0
∞∫
Nξ
~ El ,      (3) 
where N ≡ exp −2ψ(s,b)[ ]ds ξ
0
∞∫  and ξ = vF /Δbulk. Δbulk is the minimum excitation gap in the uniform system and 
approximately described as Δbulk ~ Δp (r → ∞). We note that the k = 0 components should be retained as well as the 
Fermi surface components when we consider the topological edge mode. 
3. Impurity effects 
In this section we use the notation φ,φ( ) , the angles of the Fermi momenta, instead of kφ,kφ( ) . φ  satisfies 
φ = 2θ −φ +π  such that s = −s  and b = b . In the low energy region, the energy spectrum given by Eq. (3) can be 
described as El ~ Δmini l ~ c1Δbulk b / ξ ~ E(b) with level spacing Δmini and a constant c1. We evaluate the impurity 
scattering rates Γ with two assumptions: (i) the matrix element mφ,φ ≡

uφ
†τ z

uφ  (τz = diag(1, 1, −1, −1)) satisfies the 
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relation mφ,φ = −mφ ,φ . (ii) the wave function with small angular momentum l as a solution to the BdG equation is 
approximately described as 

ul r( ) = eilθ 2πNdξr( )
−1/2 
uφ s,b( )+ i

uφ s,b( )⎡⎣ ⎤⎦ 2 , where d denotes the number of the 
Fermi surfaces and in this case d =1. These wave functions are expressed in the original basis and hence we take the 
inverse unitary operation on the solution to the Andreev equation. We consider two cases, one is the case of large level 
spacing Δmini ~ c1 Δbulk /(kF ξ) >> Γ and the other is the limit of continuous spectra Δmini << Γ < Δbulk. The former is treated 
within SCBA and the latter is treated within nSCBA. In both cases, the formula of scattering rates can be derived from 
the iKK scheme in Ref. 12. In the following calculations, we set Δ(r) = Δ0 tanh (r / ξ), κ = −1 and chemical potential 
μ = 0. In this case, we can obtain c1=0.852557. 
First we consider the former case: large level spacing. In this case, we neglect the contribution to the scattering rates 
from the state with angular momentum l from the states with the other angular momentum l’ ≠ l. For Γ at the energy 
ω = El, we obtain the following formula and evaluate the integral: 
Γ
Γn
≅ πΔbulk
2 2πNd( )2 ΓnkFξ
mφ,φ
2 sds
r20
∞∫ ≅ πΔbulk
8π 2N 2ΓnkFξ
1+
sgn κVz( ) Vz
Vz
2 +α 2kF2
2
+O b2( ) .  (4) 
We find that the matrix element always has the finite value even when the vorticity is anti-parallel to the chirality 
(κ Vz < 0), which is in contrast to the chiral p-wave SC with anti-parallel vortex. In Fig. 1, we compare Eq. (4) and the 
results obtained by the iKK scheme [10] for Γn / (π Δbulk) = 10−3. The dashed lines with open solid squares labeled as 
“kFξ =15” represent the scattering rates at ω = El=1 calculated in the iKK scheme with the quasiclassical parameter 
“kFξ =15”. The magnitude is shown in the left vertical axis. The solid lines labeled as “Andreev” represent the 
scattering rates calculated by Eq. (4) and its magnitude is shown in the right vertical axis, whose range is 0.654 times 
smaller than the left one.  
Next, in the case of quasiclassical limit and within nSCBA, we can derive the following expression in the limit of 
b→0: 
Γ
Γn
=
1
2c1 2Nd( )
2 mφ,φ
2 sds
r20
∞∫ = 1
8c1N
2
1+
sgn κVz( ) Vz
Vz
2 +α 2kF2
2
.      (5) 
In Fig. 2, we compare the scattering rates for Eq. (4), Eq. (5) and the iKK scheme labeled as “Andreev (1)”, “Andreev 
(2)” and “kFξ =15” respectively. The left vertical axis shows the magnitude for “kFξ =15” and “Andreev (2)” and the 
right vertical axis for “Andreev (1)”. The range of the right axis is 0.389 times smaller than that of the left axis. 
Moreover we note that the calculation within nSCBA cannot describe the magnitude precisely, hence we multiply Eq. 
(5) by a numerical factor 1.41 in order to make the parameter dependence clear. For Eq. (4) and the iKK scheme, we set 
Γn / (π Δbulk) = 10−1. We can consider that the system is in the quasiclassical regime due to Γ / Δmini >> 1 particularly for 
the parallel vortex. Equation (4) thus no longer explains the mα2 / |Vz| dependence of Γ / Γn and this dependence is 
similar to that of Eq. (5).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. The scattering rates calculated by the iKK 
scheme (“kFξ =15”) and Eq. (4) (“Andreev”). 
Figure 2. The scattering rates calculated by the iKK scheme 
(“kFξ =15”), Eq. (4) (“Andreev (1)”) and Eq. (5) (“Andreev (2)”). 
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Noting that kF
2 m = 2 mα 2 +μ ± mα 2 +μ( )
2
+Vz
2 −μ 2⎡
⎣⎢
⎤
⎦⎥
→ 2Vz  in the limit of mα
2 / |Vz| → 0, the factors 
1± Vz Vz
2 +α 2kF2  behave as 2 and mα2 / |Vz| respectively. The factor of impurity scattering rates for anti-parallel 
vortex is always 0 in the chiral p-wave SC such that in the limit of mα2 / |Vz| → 0 the impurity effects on the vortex core 
states for the topological s-wave SC approach to those for the chiral p-wave SC. 
 
4. Conclusion 
We calculate the impurity scattering rates by solving the Andreev equation for topological s-wave SC. We have 
found that impurity effects are similar to the chiral p-wave SC, while we have clarified the non-zero scattering rates for 
the anti-parallel vortex and the parameter dependence of scattering rates. We can understand the origin of the non-zero 
contribution to the scattering rates in the anti-parallel vortex as follows: the BdG wave function with angular 
momentum l can be divided into two pairs as uσ ,l r( )eilθ ,vσ ,l r( )eilθ( )  and u−σ ,l r( )ei l±1( )θ ,v−σ ,l r( )ei l∓1( )θ( ) . ((σ, −σ) = (↑, ↓) or (↓, ↑).) 
The former (latter) contributes to the scattering rates as anti-parallel (parallel) vortex in the chiral p-wave SC. There 
thus always exist the finite scattering rates. The coefficients, however, depend on sgn(κVz), which describes whether the 
type of vortex is parallel or anti-parallel in the topological s-wave SC and hence the difference between two 
inequivalent vortices and the parameter dependence appear. 
Last we remark on discrepancy about numerical factors; we consider the state with small angular momentum (l = 1), 
while the assumption (ii) is based on the asymptotic form of Bessel wave function. We suspect that Andreev wave 
function cannot describe the BdG wave function around the origin in assumption (ii). To consider the higher angular 
momentum 1 <<  l << kFξ  state, which have a dominant weight not too close to the center of the vortex core, is thus a 
future problem. 
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